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We investigate continuous-time quantum walks of two indistinguishable particles [bosons, fermions
or hard-core bosons (HCBs)] in one-dimensional lattices with nearest-neighbor interactions. The
results for two HCBs are well consistent with the recent experimental observation of two-magnon
dynamics [Nature 502, 76 (2013)]. The two interacting particles can undergo independent- and/or
co-walking depending on both quantum statistics and interaction strength. Two strongly interacting
particles may form a bound state and then co-walk like a single composite particle with statistics-
dependent walk speed. Analytical solutions for the scattering and bound states, which appear in
the two-particle quantum walks, are obtained by solving the eigenvalue problem in the two-particle
Hilbert space. In the context of degenerate perturbation theory, an effective single-particle model
for the quantum co-walking is analytically derived and the walk seep of bosons is found to be exactly
three times of the ones of fermions/HCBs. Our result paves the way for experimentally exploring
quantum statistics via two-particle quantum walks.
PACS numbers: 05.60.Gg, 42.50.-p, 42.82.Et
I. INTRODUCTION
Quantum walk (QW) [1, 2], the quantum counterpart
of classical random walk (CRW), is not only a funda-
mental phenomenon in quantum transport, but also a
practical tool for developing quantum algorithms and
implementing quantum computations. In contrast to
CRWs, which gradually approach to an equilibrium dis-
tribution, QWs spread ballistically if there is no decoher-
ence. The non-classical features of QWs offer versatile
applications in quantum simulation [3], quantum com-
putation [4, 5], detection of topological states [6–8] and
bound states [7, 9, 10], and so on.
Up to now, single-particle QWs have been imple-
mented with several experimental systems. In those ex-
periments, the roles of quantum walkers are taken by sin-
gle particles such as neutral atoms [11], atomic ions [12],
photons [13], atomic spin impurities [14], and nuclear-
magnetic-resonance systems [15]. Attribute to their
superpositions and interference features, single-particle
QWs yield an exponential speedup over CRWs [16]. How-
ever, it has been demonstrated that such an exponential
speedup can be also achieved by classical waves [17].
In contrast, multi-particle QWs may have exotic non-
classical correlations, which may bring new benefits to
practical quantum technologies. It has found that two-
particle discrete QWs sensitively depend on the entan-
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glement or correlations [18, 19]. Naturally, the quantum
statistical nature of two bosonic/fermionic walkers result
in the emergence of bunching and anti-bunching in two-
particle QWs, respectively [18]. Moreover, multi-particle
QWs can be used to implement universal quantum com-
putations [5]. By using linear [20–22] and nonlinear pho-
tonic waveguide arrays [23, 24], two-particle QWs have
been implemented in several laboratories. Exotic quan-
tum correlations have been observed even in the absence
of inter-particle interactions [22, 25, 26]. Recently, the
coexistence of free and bound states [27] has been ob-
served via two-particle QWs of atomic spin-impurities in
one-dimensional (1D) optical lattices [10].
Although there are some studies on two-particle QWs
involving quantum statistics and inter-particle interac-
tions, most of them only consider either how quantum
statistics affects the QWs of two non-interacting parti-
cles [21, 26] or how inter-particle interaction affects the
QWs of two interacting particles with a specific quan-
tum statistics [10, 24]. Up to now, there is still lacking a
comprehensive study on how two-particle QWs depend
on both quantum statistics and inter-particle interac-
tions. It is particularly interesting that how the quantum
co-walking of two interacting particles quantitatively de-
pends on the quantum statistics of two walkers. Here,
the co-walking means that the two walkers are fully syn-
chronized and walk as a single composite unity.
In this article, we investigate two-particle continuous-
time QWs in 1D lattices with nearest-neighbor inter-
actions. We concentrate on analyzing quantum statis-
tic affects in the QWs of two interacting particles. We
show the bunching/anti-bunching dynamics induced by
2the Bose/Fermi natures of quantum walkers, and system-
atically investigate the statistics-dependent quantum co-
walking. In addition to the numerical results, we derive
an analytical model for the statistics-dependent quantum
co-walking by employing degenerate perturbation theory.
We present both analytical and numerical results which
are well consistent with each other. Our analytical results
give a quantitative understanding of the quantum statis-
tic effects in the quantum co-walking of two interacting
indistinguishable particles. In particular, our prediction
on two hard-core bosonic walkers agrees with the experi-
mental observation of the two-magnon dynamics [10]. In
the scenario of quantum-optical analogue [28, 29], our
two-particle QWs can be experimentally verified by the
light propagations in two-dimensional (2D) waveguide ar-
rays [29, 30].
The structure of our article is as following. In this sec-
tion, we introduce background and motivation. In Sec. II,
we describe our models and discuss some key properties
of them. In Sec. III, we solve the eigenvalue problem in
the two-particle Hilbert space and derive several analyt-
ical solutions for the two-particle eigenstates and their
eigen-energies. In Sec. IV, we analyze the two-particle
QWs under three different types of statistics: bosonic,
fermionic, and hard-core bosonic ones. In both position
and momentum spaces, two-body correlations of bosonic
and fermionic walkers show subtle bunching and anti-
bunching signatures, respectively. However, hard-core
bosonic walkers show anti-bunching signature in the po-
sition space and bunching signature in the momentum
space. In Sec. V, we analytically derive the effective
single-particle model for the co-walking of two quantum
walkers under strong inter-particle interactions. We dis-
cuss the implementation of our model and summary the
results in Sec. VI.
II. MODEL
We consider QWs of two indistinguishable particles in
1D lattice system described by the following Hamiltonian
with periodic boundary conditions (PBCs),
Hˆ = −J
L∑
l=−L
(
aˆ†l aˆl+1 + h.c.
)
+ V
L∑
l=−L
nˆlnˆl+1. (1)
Here, the total number of lattice sites is Lt = 2L + 1,
aˆ†l (aˆl) creates (annihilates) a particle on the l-th lattice
(l = −L, · · · , 0, · · · , L), nˆl = aˆ†l aˆl is the particle number,
J is the nearest-neighbor hopping, and V stands for the
nearest-neighbor interaction. Below we only discuss the
Hamiltonian of attractive interaction V < 0.
The two-particle (i.e. Nˆ =
∑L
l=−L nˆl = 2) propagation
in our systems represents a class of continuous-time two-
particle QWs. The continuous-time QWs can be general-
ized from the continuous-time CRWs [2, 16]. A CRW on
a graph is described by a matrixM, which transforms the
probability distribution (PD) p = {pl} over a vertex set
v = {l} (here pl is the probability of finding the walker
at the l-th vertex). The elements Mll′ give the jumping
rate from the l-th vertex to the l′-th vortex. The PD
evolution of such a walk follows ddtp(t) = −Mp(t) and
the solution is given as p(t) = e−Mtp(0) with the ini-
tial condition p(0). In the quantum case, the matrix M
is replaced by the so-called adjacency matrix H [4, 31],
which generates an unitary evolution e−iHt instead of
e−Mt. Starting from an initial state |ψini〉, the quantum
state evolves according to |ψ(t)〉 = e−iHt |ψini〉, and the
PD over the vortex set is given by the quantum projec-
tion pl = |〈l|ψ(t)〉|2 with |l〉 denoting the quantum state
of the walker localized at the l-th vortex. In our system,
the graph for the two walkers is the 1D lattice, and the
Hamiltonian matrix Hˆ plays the role of the adjacency
matrix.
We consider three typical types of commutation rela-
tions (CRs): bosonic, fermionic and hard-core bosonic
ones. The bosonic CRs read as [aˆl, aˆk] = [aˆ
†
l , aˆ
†
k] = 0
and [aˆl, aˆ
†
k] = δlk. The fermionic CRs obey {aˆl, aˆk} =
{aˆ†l , aˆ†k} = 0 and {aˆl, aˆ†k} = δlk. The hard-core bosonic
CRs are described by [aˆl, aˆk] = [aˆ
†
l , aˆ
†
k] = [aˆl, aˆ
†
k] = 0 for
l 6= k, while {aˆl, aˆl} = {aˆ†l , aˆ†l } = 0 and {aˆl, aˆ†l } = 1.
The Hamiltonian (1) associates with the quasi-particle
representation for an XXZ Heisenberg chain [32, 33]. By
using the mapping: |↓〉 ↔ |0〉, |↑〉 ↔ |1〉, Sˆ+l ↔ aˆ†l ,
Sˆ−l ↔ aˆl and Sˆzl ↔ nˆl− 12 , the hard-core bosonic system
is equivalent to the XXZ Heisenberg chain [32],
HˆXXZ = −Jex
∑
l
(
Sˆxl Sˆ
x
l+1 + Sˆ
y
l Sˆ
y
l+1 +∆Sˆ
z
l Sˆ
z
l+1
)
+hz
∑
l
Sˆzl , (2)
with Jex = 2J , ∆ = − V2J , hz = V and Sˆ±l = Sˆxl ± iSˆyl .
It has been demonstrated that such an XXZ Heisenberg
chain can be realized by ultracold two-level atoms in op-
tical lattices [10, 14, 34].
III. TWO-PARTICLE EIGENSTATES
In this section, we solve the eigenvalue problem in the
two-particle Hilbert space and give the eigenstates which
appear in the two-particle QWs. Since [Nˆ , Hˆ] = 0, the
total particle number Nˆ is conserved and all initial two-
particle states keep evolving in the two-particle Hilbert
space. For two bosons, the Hilbert space is spanned by
basis,
B(2)B =
{
|l1l2〉 = (1 + δl1l2)−
1
2 aˆ†l1 aˆ
†
l2
|0〉
}
,
with −L ≤ l1 ≤ l2 ≤ L. For two fermions or two hard-
core bosons (HCBs), the Hilbert spaces are spanned by
basis,
B(2)FH =
{
|l1l2〉 = aˆ†l1 aˆ
†
l2
|0〉
}
,
3with −L ≤ l1 < l2 ≤ L. Given B(2)B and B(2)FH, it is easy
to find the Hamiltonian matrix H(2) in the two-particle
sector.
Introducing Cl1l2 = 〈0| aˆl2 aˆl1 |Ψ〉, the eigenstates can
be expanded as |Ψ〉 = ∑l1≤l2 ψl1l2 |l1l2〉 with ψl1l2 =
Cl1l2(1+δl1l2)
− 1
2 . Independent upon the quantum statis-
tics of particles, the eigenequation Hˆ |Ψ〉 = E |Ψ〉 can be
written in a unified form of
ECl1l2 = −J (Cl1,l2+1 + Cl1,l2−1 + Cl1+1,l2 + Cl1−1,l2)
+V δl1,l2±1Cl1l2 , (3)
with δl1,l2±1 = 1 if l1 = l2±1 and δl1,l2±1 = 0 if l1 6= l2±1.
Here, the PBC requires Cl1+Lt,l2 = Cl1,l2+Lt = Cl1l2 .
The CRs require that Cl1l2 = Cl2l1 for bosons; Cl1l1 =
0 and Cl1l2 = −Cl2l1 for fermions; and Cl1l1 = 0 and
Cl1l2 = Cl2l1 for HCBs.
The motion of the two-particle system can be sepa-
rated by the motion of the center-of-mass R = 12 (l1 + l2)
and the one of the relative position r = l1 − l2. By em-
ploying the ansatz Cl1l2 = e
iKRφ(r), the eigenequation
reads as
Eφ(r) = JK (φ(r − 1) + φ(r + 1)) + V δr,±1φ(r) (4)
with JK = −2J cos
(
K
2
)
, δr,±1 = 1 if r = ±1 and δr,±1 =
0 if r 6= ±1. Therefore, the PBC requires eiKLt = 1 and
φ(r + Lt) = e
iKLt/2φ(r) with the quantized total quasi-
momentum K = 2πα/Lt with α = −L,−L + 1, · · · , L.
Correspondingly, the CRs require that φ(r) = φ(−r)
for bosons; φ(0) = 0 and φ(r) = −φ(−r) for fermions;
φ(0) = 0 and φ(r) = φ(−r) for HCBs.
The PBC and CRs indicate that {φ(r)|r = 0, · · · , L}
for bosons and {φ(r)|r = 1, · · · , L} for fermions/HCBs
are independent variables. Thus the two-particle
Hamiltonian matrix block for bosons with total quasi-
momentum K can be written as
Hˆ
(2)
B (K) =


0 2JK
JK V JK
JK 0 JK
. . .
. . .
. . .
JK 0 JK
JK J
B
K


, (5)
the one for fermions reads as
Hˆ
(2)
F (K) =


V JK
JK 0 JK
. . .
. . .
. . .
JK 0 JK
JK J
F
K

 , (6)
and the one for HCBs is in form of
Hˆ
(2)
H (K) =


V JK
JK 0 JK
. . .
. . .
. . .
JK 0 JK
JK J
H
K

 . (7)
Here, we define JHK = J
B
K = −JFK = eiKLt/2JK .
The Hamiltonian matrices (5, 6, 7) can be diagonalized
numerically and analytically [35]. When V 6= 0, for all
three cases (bosons, fermions and HCBs), there are two
types of eigenstates: bound states (BSs) and scattering
states (SSs). For SSs, the amplitude of the wave function,
φ(r), oscillates as the relative position r, while for BSs, it
decays exponentially. The general eigenstate for Eq. (4)
can be expressed as
φ(r) = A+e
ikr +A−e−ikr (8)
with the two constants (A+, A−) and the quasi-
momentum k. For SSs, the quasi-momentum k is real.
However, for BSs, the quasi-momentum k is purely imag-
inary. The eigenenergy is given as
E
(2)
K,k = 2JK cos(k) = −4J cos
(
K
2
)
cos(k) (9)
with the quasi-momentum k determined by the physical
parameters and the statistical properties. Below, we will
show how to determine the quasi-momentum k.
(A) Scattering States. - Due to the real value of k, the
scattering states are invariant under the transformation:
k → k ± 2π and k → −k. Thus we only need consider
0 ≤ k < π.
For fermions, the PBC and CRs require that{
(JK − V eik)A+ + (JK − V e−ik)A− = 0,
eikLtA+ + (−1)αA− = 0.
By eliminating A+ and A−, one can obtain that the
quasi-momentum k obeys
eikLt = (−1)α JK − V e
ik
JK − V e−ik . (10)
To give all possible values of k, one has to solve Eq. (10),
which is actually an algebraic equation of eik. Thus, the
corresponding eigenstate reads as
φ(r) ∝ eikr − e−ikrei(K2 +k)Lt , (1 ≤ r ≤ N). (11)
For HCBs, the quasi-momentum k satisfies
eikLt = (−1)α−1 JK − V e
ik
JK − V e−ik , (12)
and the corresponding eigenstate is
φ(r) ∝ eikr + e−ikrei(K2 +k)Lt , (1 ≤ r ≤ N). (13)
For bosons, the ansatz should be modified as
φ(r) =
{
φ0, r = 0,
A+e
ikr +A−e−ikr , 1 ≤ r ≤ N, (14)
with the quasi-momentum k satisfying
eikLt = (−1)α JK(e
ik − e−ik) + V (1 + e2ik)
JK(eik − e−ik)− V (1 + e−2ik) . (15)
4Thus the corresponding eigenstate is given as
φ(r) ∝ eikr + e−ikrei(K2 +k)Lt , (1 ≤ r ≤ N), (16)
with φ(0) = φ0 = φ(1)/ cos(k).
(B) Bound States. - The bound states correspond to
purely imaginary k = iη (η > 0) satisfying the condi-
tions (10, 12, 15). For a finite Lt, no compact formulae
for η are available. But when Lt is sufficiently large, the
factor eikLt = e−ηLt become small, as an approximation,
one can assume e−ηLt ≈ 0, which is exact (e−ηLt = 0)
when Lt →∞. Then the conditions for η read as{
JK = V e
−η, fermions/HCBs,
JK(e
−η − eη) + V (1 + e−2η) = 0, bosons.
(17)
Solving the above equation, one can obtain
eη = V/JK (18)
for fermions/HCBs (as long as |V | > |JK |), and
eη =
1
3
(
β +
3 + β2
∆0
+∆0
)
, (19)
∆0 =
(
18β + β3 + 3
√
3
√
β4 + 11β2 − 1
)1/3
,
for bosons (as long as β2(β2+11) > 1), where β = V/JK .
According to Eq. (9), given k = iη for a BS, its eigenen-
ergy reads as
E
(2)
K,η = 2JK cosh(η) (20)
with η determined by Eq. (17). Thus for the BS of
fermions or HCBs, according to Eq. (18), its eigenenergy
reads as
E
(2)
FH(K) = V +
4J2
V
cos2
(
K
2
)
, (21)
when |V/(2J)| > 1 and Lt → ∞. Obviously, Eq. (21)
fully agree with the ones obtained from the Bethe
ansatz [36]. For the case of strongly interacting bosons,
that is |β| → ∞, we have eη > β = V/JK and eη/β → 1
for positive β. Thus according to Eqs. (18,19,20), for
the case of attractive interaction, the BS eigenenergy of
bosons is lower than the one of fermions/HCBs, and their
difference vanishes when |V/(2J)| → ∞.
In Fig. 1, we show the energy spectrum for the two-
particle system. For weak interaction, |V/(2J)| < 1,
there is only one band, in which SSs and BSs are mixed.
For strong interaction, |V/(2J)| > 1, there are two mini-
bands, in which the upper band corresponds to SSs and
the lower band corresponds to BSs.
IV. TWO-PARTICLE QUANTUM WALKS
In this section, we focus on the time-evolution dynam-
ics of two-particle states, i.e., the two-particle QWs. In
FIG. 1: (Color online) Two-particle spectrum for a 21-site
system (1) with different interaction strength |V/2J |. Left:
weak interaction, |V/2J | = 1/2. Right: strong interaction,
|V/2J | = 2. Each point represents an eigenenergy E for a
given quasi-momentum K.
particular, by analyzing two-particle correlations in both
position and momentum spaces, we explore how interac-
tion and statistics affect the two-particle QWs.
In units of ~ = 1, the two-particle QWs obeys the
time-dependent Schro¨dinger equation
i
d
dt
|ψ(t)〉 = H(2) |ψ(t)〉 , (22)
with |ψ(t)〉 = ∑l1≤l2 ψl1l2(t) |l1l2〉 for bosons and
|ψ(t)〉 = ∑l1<l2 ψl1l2(t) |l1l2〉 for fermions and HCBs.
Here we consider the two-particle QWs from an initial
state of two particles siting in neighbouring lattice sites,
|ψini〉 = aˆ†0aˆ†1 |0〉. Here, |0〉 denotes the vacuum state.
To explore the correlation between two quantum walk-
ers, we calculate the time-dependent two-particle corre-
lation in position space,
Γqr(t) = 〈ψ(t)| aˆ†qaˆ†raˆraˆq |ψ(t)〉 , (23)
and the ones in momentum space,
Γαβ(t) = 〈ψ(t)| cˆ†αcˆ†β cˆβ cˆα |ψ(t)〉 , (24)
with |ψ(t)〉 in Eq. (22). Here, cˆ†α = 1√Lt
∑L
l=−L e
−ipαlaˆ†l
is the discrete Fourier transformation of aˆ†l , in which
the quasi-momentum pα = 2πα/Lt, the integer α =
−L,−L+ 1, · · · , L. The two-particle correlation in posi-
tion and momentum spaces for different quantum statis-
tics and interaction strength provide a clear insight into
the two-particle QWs, see Figs. 2 and 3 for a 21-site sys-
tem. For systems with same parameters but different
lattice sizes Lt, our numerical results show that, before
the two particles collide with the boundaries, the finite-
size effect and the boundary effect are negligible.
It is possible to distinguish co-walking from indepen-
dent walking through examining the evolution of the spa-
tial correlation Γqr(t). The co-walking of the two parti-
cles is signatured as the significant correlations at two
specific lines (q = r ± d) in the (q, r)-plane, where d
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FIG. 3: (Color online) Two-particle correlations of quantum walkers in momentum space with the same setting of Fig. 2.
is a fixed integer dependent on the form of the inter-
particle interaction. For our systems with the nearest-
neighbor interactions, the spatial correlation peaks (i.e.
the peaks of Γqr(t)) appear on the two minor-diagonal
lines (q = r ± 1). This is a typical signature of the two-
particle co-walking.
In the position space, the correlations of two bosonic
walkers (the first row of Fig. 2) show bunching behav-
ior, while the correlations of two fermionic walkers (the
second row of Fig. 2) and two hard-core bosonic walkers
(the third row of Fig. 2) show anti-bunching behavior.
We observe that the correlations of fermions and HCBs
in the position space almost have no difference. This is
because that, a spin- 12 Heisenberg XXZ model, which is
equivalent to a hard-core Bose-Hubbard model [32], can
be exactly mapped onto a Hubbard-like model of spin-
less fermions via Jordan-Wigner transformation [33]. Al-
though boundary conditions for the Hubbard-like model
of spinless fermions depend on the total particle num-
ber [33], before the two walkers hit the boundaries, the
boundary condition effect on the two fermionic walkers
is as same as the one on the two hard-core bosonic walk-
ers. Therefore the correlations are almost the same for
fermions and HCBs in position space.
On the other hand, the correlations of bosonic and
hard-core bosonic walkers in momentum space show
bunching behavior, see the first and third rows of Fig. 3.
Nevertheless the correlations of fermionic walkers (the
6second row of Fig. 3) show anti-bunching behavior. This
means that bunching and anti-bunching in momentum
space can show the difference between fermions and
HCBs. Therefore, bunching and anti-bunching of the two
quantum walkers in both position and momentum spaces
completely reveal the difference among bosons, fermions
and HCBs.
The spatial correlations Γqr on the minor diagonal lines
(q = r± 1) are gradually enhanced when the interaction-
hopping ratio increases, see Fig. 2. Since Γq,q±1 presents
a joint probability of finding one walker on the q-th site
and the other walker on the (q ± 1)-th site, the signif-
icant correlations on the minor diagonal lines is a ro-
bust signature of quantum co-walking. The quantum
co-walking is also an important signature of the exis-
tence of two-particle bound states, see [10, 27] for the
case of two magnons. Detailed discussions on quantum
co-walking will be presented in the next section. Usually,
two interacting quantum walkers simultaneously undergo
independent- and co-walking when the interaction is not
strong enough.
V. EFFECTIVE DYNAMICS OF
TWO-PARTICLE QUANTUM CO-WALKING
In this section, we will analytically derive an effective
single-particle model for the quantum co-walking of two
interacting particles and discuss the statistics-dependent
behavior of quantum co-walking. To our best knowledge,
for the first time, we present a quantitative description
of the quantum statistics effect in two-particle QWs.
Under strong inter-particle interactions (|V/J | ≫ 1),
the two quantum walkers behave as a single composite
particle and their QWs are dominated by quantum co-
walking. As |V/J | ≫ 1, one thus can treat the hopping
term
Hˆ1 = −J
L∑
l=−L
(
aˆ†l aˆl+1 + h.c.
)
(25)
as a perturbation to the interaction term,
Hˆ0 = V
L∑
l=−L
nˆlnˆl+1, (26)
in the considered Hamiltonian (1). By employing the
second-order perturbation theory for degenerate sys-
tems [37], we analytically obtain an effective single-
particle model for the co-walking of the two quantum
walkers.
To implement the perturbation analysis, we should
give the projection operator onto the subspace involved
the quantum co-walking and the projection operator onto
the orthogonal component of the involved subspace. The
unperturbed Hamiltonian Hˆ0 has only two eigenvalues:
(i) E0 = V (< 0) for the Lt-fold degenerated ground-
states {|Gl〉 = |l, l+ 1〉 : −L ≤ l ≤ L}, and (ii)
El1l2 = 0 for excited eigenstates {|El1l2〉 = |l1, l2〉 : l1 6=
l2 ± 1 and − L ≤ l1 ≤ l2 ≤ L for bosons while − L ≤
l1 < l2 ≤ L for fermions and HCBs}. The quantum co-
walking only involves the subspace spanned by Lt inde-
pendent ground-states {|Gl〉}. Denoting U0 = {|Gl〉},
the projection operator onto U0 is
Pˆ0 =
∑
l
|Gl〉 〈Gl| .
Introducing V0 as the orthogonal complement of U0, the
projection onto V0 reads as
Sˆ =
∑
El1l2 6=E0
1
E0 − El1l2
|El1l2〉 〈El1l2 |.
Therefore, the effective Hamiltonian up to 2nd order is
given as
Hˆ
(2)
eff = hˆ0 + hˆ2 = E0Pˆ0 + Pˆ0Hˆ1SˆHˆ1Pˆ0. (27)
Since El1l2 = 0, we have
hˆ2 =
J2
V
∑
ll′jj′l1l2
[
|Gl〉 〈Gl| Tˆj |El1l2〉
× 〈El1l2 | Tˆj′ |Gl′〉 〈Gl′ |
]
, (28)
where the hoping operators Tˆk = aˆ
†
kaˆk+1 + aˆ
†
k+1aˆk,
the summation indices {l, l′, j, j′} take values from
{−L,−L + 1, · · · , L}, and {l1, l2} is summed over all
states of El1l2 = 0.
Introducing the following two notations,
T jll1l2 = 〈Gl| (aˆ
†
j aˆj+1 + aˆ
†
j+1aˆj) |El1l2〉 , (29)∣∣G′l1l2〉 =
∑
jl
T jll1l2 |Gl〉, (30)
we have
〈
G′l1l2
∣∣ =∑j′l′ 〈Gl′ |T j′l′∗l1l2 , and
hˆ2 =
J2
V
∑
ll′jj′l1l2
|Gl〉 T jll1l2T
j′l′∗
l1l2
〈Gl′ |
=
J2
V
∑
l1l2
∣∣G′l1l2〉 〈G′l1l2 ∣∣ . (31)
By using the CRs and aˆlaˆ
†
k |0〉 = δlk |0〉, after some alge-
bra, we obtain∣∣G′l1l2〉 =
√
2δl1l2 (|Gl1−1〉+ |Gl1〉)
+δl1,l2−2 (|Gl1〉+ |Gl1+1〉)
+ǫ′δl1−2,l2 (|Gl2〉+ |Gl2+1〉) . (32)
Here, ǫ′ = 1 for bosons and HCBs, while ǫ′ = −1 for
fermions. Inserting Eq. (32) into Eq. (31), we get
hˆ2 =
J2
V
∑
l1l2
[
2δl1l2 (|Gl1−1〉+ |Gl1〉) (〈Gl1−1|+ 〈Gl1 |)
+δl1,l2−2 (|Gl1〉+ |Gl1+1〉) (〈Gl1 |+ 〈Gl1+1|)
+δl1−2,l2 (|Gl2〉+ |Gl2+1〉) (〈Gl2 |+ 〈Gl2+1|)
]
.
(33)
7For the case of fermions or HCBs, δl1l2 = 0 and
δl1,l2−2 = 1 for (l1, l2) = (l, l + 2) with l = (−L,−L +
1, · · · , L − 2) and δl1−2,l2 = 1 for (l1, l2) = (−L,L − 1)
and (−L+ 1, L), thus we have
hˆ2 =
J2
V
L∑
q=−L
(|Gq〉+ |Gq+1〉) (〈Gq|+ 〈Gq+1|) . (34)
For the case of bosons, besides the terms included in
the case of fermions or HCBs, δl1l2 = 1 for (l1, l2) = (l, l)
with l = (−L,−L+ 1, · · · , L− 1, L) should be included,
thus we have
hˆ2 =
3J2
V
L∑
q=−L
(|Gq〉+ |Gq+1〉) (〈Gq|+ 〈Gq+1|) . (35)
In our model of nearest-neighbor-interaction, for two
walkers starting from two neighbor lattice sites, their
co-walking can be described by superposition of multi-
ple ground states |Gq〉 = aˆ†qaˆ†q+1 |0〉 = |nq = 1, nq+1 = 1〉
with different q (where q = −L,−L + 1, · · · , L − 1, L).
During the process of co-walking, the two particles be-
have like a single composite particle.
In order to capture the single-particle nature of the
co-walking, we introduce creation operators bˆ†q for the
composite particle consisting of one particle on the q-th
lattice site and the other particle on the (q + 1) -th lattice
site. Explicitly, bˆ†q ⇔ aˆ†q aˆ†q+1 and
∣∣ncq = 1〉 = bˆ†q |0〉 ⇔
|nq = 1, nq+1 = 1〉 = aˆ†qaˆ†q+1 |0〉. Then, from Eq. (35),
the two bosonic walkers obey an effective single-particle
Hamiltonian,
HˆBeff = J
B
eff
∑
q
(
bˆ†q bˆq+1 + bˆ
†
q+1bˆq
)
+ µBeff
∑
q
bˆ†q bˆq, (36)
with the hopping strength JBeff = 3J
2
/
V and the chem-
ical potential µBeff = V + 6J
2
/
V . The spectrum of
Hamiltonian (36) can be obtained by substituting the
ansatz |ψ〉 =∑m eiKmbˆ†m |0〉 into the eigenvalue problem
HˆBeff |ψ〉 = EBeff |ψ〉. With some analytical calculations, it
is easy to yield the single quasi-particle spectrum,
EBeff(K) = V +
12J2
V
cos2
(
K
2
)
. (37)
Similarly, from Eq. (34), the two fermionic walkers and
the two hard-core bosonic walkers obey the same effective
single-particle Hamiltonian
HˆFHeff = J
FH
eff
∑
q
(
bˆ†q bˆq+1 + bˆ
†
q+1bˆq
)
+ µFHeff
∑
q
bˆ†q bˆq, (38)
but with JFHeff = J
2
/
V , µFHeff = V + 2J
2
/
V and spectra
EFHeff (K) = V +
4J2
V
cos2
(
K
2
)
. (39)
We observe that, for fixed values of J and V , the hop-
ping strength (JBeff , J
FH
eff ) of the composite particle essen-
tially depend on their quantum statistics. This means
that quantum statistics has a significant effect on the
co-walking of two interacting walkers. In time-evolution
dynamics, different values of hopping strength mean dif-
ferent walk speed. Thus it is possible to explore statistic-
dependent quantum co-walking via observing the walk
dynamics.
FIG. 4: (Color online) Quantum co-walking of two strongly
interacting walkers with |V/(2J)| = 40. Left: Time evolu-
tion of the minor diagonal correlations Γq,q+1. Right: Two-
particle correlations Γfinalq,r for the final states.
In Fig. 4, we show our numerical results for the time-
evolution of the minor diagonal correlations Γq,q+1 and
the final two-particle correlations Γfinalq,r with |V/(2J)| =
40. From the correlations Γfinalq,r in the right column of
Fig. 4, we find that the two strongly interacting walkers
are dominated by quantum co-walking. From the time
evolution of Γq,q+1 in the left column of Fig. 4, we see
that the walk speed of two bosonic walkers is just three
times of the ones of two fermionic and hard-core bosonic
walkers. These numerical results of spread are well con-
sistent with our analytical prediction JBeff = 3J
FH
eff from
the second-order perturbation theory.
VI. SUMMARY AND DISCUSSION
In summary, we have explored how quantum statistics
and inter-particle interactions affect two-particle QWs
8in 1D lattices with nearest-neighbor interactions. Due
to the inter-particle interactions, two particles with dif-
ferent quantum statistics undergo independent- and/or
co-walking. The QWs are dominated by independent-
walking in the weak interaction limit, and vice versa,
they are dominated by co-walking in the strong inter-
action limit. We have analytically derived the effective
single-particle model for the co-walking of two strongly
interacting particles. We find that the walk speed for the
co-walking of two bosons is exactly three times of the
ones for the co-walking of two fermions or two HCBs.
Although we only consider the two-particle QWs in at-
tractive systems (V < 0) in this article, similar QWs may
be found in repulsive systems (V > 0) which have free
scattering states in the lower band and repulsively bound
states in the upper band [38]. Our results for the case of
two HCBs agree with the recent experimental observation
of quantum dynamics of two atomic spin impurities [10].
Besides observing bound states [7, 10], our results of two-
particle QWs provide promising applications in exploring
quantum statistics.
FIG. 5: (Color online) Classical simulation with two-
dimensional optical waveguide arrays. Each circle repre-
sents a waveguide. Green-colored and uncolored circles la-
bel waveguides with different refractive indices. The black
lines connecting different circles denote their couplings. Left:
the waveguide arrays for simulating two bosons. Right: the
waveguide arrays for simulating two fermions or two hard-core
bosons.
Furthermore, beyond a theoretical model, the two in-
teracting quantum walkers in our models can be exper-
imentally simulated with ultracold atoms in optical lat-
tices and light waves in waveguides. By using spin impu-
rities of ultracold atoms in optical lattices, two-magnon
dynamics in the 1D Heisenberg XXZ chain has been ob-
served in a recent experiment [10]. It was a dramatic
realization of two-HCB quantum walks with intermedi-
ate interaction (∆ = |V/(2J)| = 0.986). The strong in-
teraction regime (∆ ≫ 1) can be achieved by Feshbach
resonance [39]. Moreover, based on the quantum-optical
analogues using engineered photonic waveguides [28, 29],
the two-particle QWs obeying the Hamiltonian (1) can
be simulated via light propagations. As a single quantum
walker in a 2D lattice is equivalent to two quantum walk-
ers in a 1D lattice [3], the two-particle QWs in 1D lat-
tices can be simulated with light waves in 2D waveguide
arrays [29, 30]. The temporal evolution of the superposi-
tion amplitude Cl1l2 in the two-particle Hilbert space is
mapped onto the spatial propagation of the optical field
El1l2 in the (l1, l2)-th waveguide. According to the evo-
lution equation (22) of Cl1l2 , the propagation equation
for El1l2 is given by
i
d
dz
El1l2 = −J (El1,l2+1 +El1,l2−1)
−J (El1+1,l2 +El1−1,l2)
+Vl1l2El1l2 , (40)
with Vl1l2 = V δl1,l2±1 and the propagation distance z. In
Fig. 5, we shown the 2D waveguide arrays for simulat-
ing two-particle QWs with Lt = 21. Similar to the 2D
waveguide arrays used in recent experiments [29, 30], the
waveguide arrays shown in Fig. 5 can be fabricated in
a silica substrate by direct waveguide writing with fem-
tosecond lasers [40]. Here the inter-particle interaction
strength V is controlled by the difference of refractive in-
dices between green-colored and uncolored waveguides.
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